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1 Group Axioms

Exercise 1.1. Suppose G is a group and H, K are two subgroups. Define the subset HK := {hk € G : h € H, k € K}. Similarly
define KH. Prove that HK is a subgroup iff KH = HK.

Proof. If KH = HK, then for any h1, hy € H and k1, k2 € K, if we consider (h1k1) Y (haks), we get

(hik1) " (hako) = k' i hoky = k' ko = k['kyh' = ki’ € KH = HK
where hk; = kjh’ since HK = KH. Consequently, since HK is closed under “~1.", it’s a group.
Conversely, if HK is a group, then kh = (h='k!)™! € HK Vh € H, k € K, ie:- KH € HK. Moreover, if hk € HK, then
KH 5 k"'ii™! = (hk)™' € HK, so HK € KH, and thus HK = KH.

1. Important trick I: To show that a set A is a group under +, it suffices to show (given that the existence of an identity
e € A is taken care of) that for any two elements a1,4; € A, a1‘1 * 1y € A.

2. Important trick II: Usually when we try to show that A = B for 2 sets A, B, the most common way is to show that
every a € A belongs to B and vice versa. But note that when we're trying to show two groups to be equal, we can
also give arguments like “for every a € A, a~! € B", because G = G~! for any group: Further note that when we say
G = G™!, we are meaning a set equality, not a group isomorphism. Indeed, for infinite groups it’s possible that the
group is isomorphic to one of it’s proper subgroups (take for example (Z, +) and (2Z, +)).

O

Exercise 1.2. Suppose G is a group and H is a nonempty finite subset of G. Suppose H is closed under the group operation of G.
Prove that H is a subgroup.

Proof. If H = {15}, then we're done. Otherwise choose 1 # & € H, and consider the set # := {h* : k > 1}. Clearly
Z C H. Since |H| < co, we have h™ = h" for some 1 < m < n, and consequently 15 = 1"~ € H. Finally, for any h € H
such that /1 # 1, we have that all elements in {hh’ : b’ € H} are distinct, and moreover the size of this set is equal to |H|.
Consequently 3h” € H such that i’ = 1. Thus, the inverse of every element in H also lies in H. Hence H is a group. O

Exercise 1.3. Prove that a group in which the order of every non-unit element is 2 must be abelian.

Proof. Let a,b be any two arbitrary elements of our group. Then baab = ba’b = b?> = 1 = (ab)*> = abab, and thus
baab = abab. Post multiply with b~1a~! on both sides to obtain ba = ab, as desired. m|



Exercise 1.4. If G is a group in which (ab)! = a'b for 3 consecutive integers i > 1, prove that G is abelian.

Proof. 4 o L o - : .
(ab)™' =a™'b"Y; (ab) = 't = a7 lab=a't) = b la=ab™!

Similarly, ab’ = b'a, and thus bab'~! = bb'"'a = ab’ = ba = ab, as desired. ]
Exercise 1.5. If G is a group such that (ab)® = a®b3 and (ab)® = a®b° for all a,b € G, then prove that G is abelian.
Proof. One notes that

(ab)® = a(ba)?*b = a°b® = (ba)? = a?b> = (ab)* = ((ab)?*)? = (b*a®)* = a*b*

Then by the above exercise we're done, since (ab)’ = a'b’ for i = 3,4,5. O

2 Homomorphisms

Exercise 2.1. Let G be any finite group. Show that there exists a monomorphism f : G +— ©,,, where S,, is the automorphism group
of [n], ie:- the group of all permutations of [n].

Proof. Let G ={g1,82,--.,8n}. Then define a function f from G to S, such that
f(gi)(i) = jif gkgi = &j
Then

1. f(g)isindeed a permutation for all ¢ € G. In fact for any group G ={g1,92,.-., %1}, 8G ={891,882,-.-,88n} isa
permutation of G. Why? Because since any element ¢ € G is invertible, ¢g; # gg; for i # j, and thus im(f) C S,,.

2. Also, (f(g1) © f(82))(i) = f(g1)(f(g2)(1) = f(81)(i") = j = f(8182)(i), where g2¢; = gi» and g18 = gj, and thus f is a

homomorphism.

3. Furthermore, if f(gx)(i) = f(gr)(i), then gxgi = S qi = gk = k-

Thus, f maps different elements of g to different permutations !, and hence is an injective homomorphism.
The above f is known as the Cayley monomorphism. ]

Exercise 2.2. Give a counterexample to the following assertion (H and G are finite groups):
|G| > |H| = 3 monomorphism f : H+— G

Proof. Let G := (Z3,+) and H := (Zy,+). If there existed a monomorphism f from H to G, then by the properties of
homomorphisms, we know that f(0g) = O¢. Since a monomorphism is injective, we then get that f(1y) = 1 or 2¢. But
then O¢c = f(On) = f(1g + 1n) = f(1x) + f(1x) # O¢ for f(1x) = 1 or 2¢, leading to a contradiction. O

Exercise 2.3. Give a counterexample to the following assertion:
|G| =|H| = 3Jisomorphism ¢ : H — G

Proof. We give three counterexamples to the following assertion, one when |G| is finite, and the others when it’s infinite.

Inot only are the permutations distinct, they are also derangements w.r.t each other



1. Consider G = (Zs, +), and H = Z; ® Z,. Note that the square of any element in H is equal to the identity of H 2,
while that is not the case in G, and thus they can’t be isomorphic.

2. Consider G = (R,+), and H = (R*,:). Note that the cardinalities of these two groups are equal. If ¢ is a
homomorphism from G to H, then ¢(x + y) = @(x)p(y), and thus ¢(x) = ¢(x/2)> > 0. Consequently, ¢ isn't
surjective. Since an isomorphism is required to be a surjective homomorphism, we conclude that an isomorphism
doesn't exist.

3. Consider G = (C%,-), and H = (C,+). Note that the cardinalities of these two groups are equal. If ¢ is a
homomorphism from G to H, then ¢(xy) = @(x) + ¢(y), and thus 0 = @(1) = (p((ezm/”)”) = n(p(eZi”/”), and
thus @(e?™™") = 0 Vn € N. Consequently, ¢ isn’t injective. Since an isomorphism is required to be a injective
homomorphism, we conclude that an isomorphism doesn’t exist.

Exercise 2.4. Calculate |Hom(Z/mZ,Z/nZ)).

Proof. We represent x + mZ or x + nZ in this problem simply as x. Whether it’s mZ or nZ will be clear from the context.
Let f be any homomorphism from Z/mZ to Z/nZ. Then f(0) = 0, and we have f(m - 1) = mf(1). But f(m) = 0, and

thus m f (1) = 0. Consequently, m f(1). Also remember that for specifying a homomorphism, we only need to map

the generators of our domain group (and check that the homomorphism extends consistently to the entire group). Since
Z/mZ is cyclic, once we have specified f(1), we're done since f(x) = xf(1) mod .

Now, if m (1), and since 0 < f(1) < n, we have exactly gcd(m, ) choices for f(1), and consequently, those many

homomorphisms. ]

1

Exercise 2.5. x — x7 is an automorphism iff G is abelian.

Proof. If x — x~! is an automorphism, then yx = (x~1y~1)~! = (x71)~}(y~!)~! = xy, demonstrating abelianity.
If G is abelian, then since (xy)™! = y~'x~! = x"'y~!, the map is a homomorphism. It’s also clear that the map is bijective,
and thus is an automorphism. i

Exercise 2.6. Prove that every group G of order greater than 2 has at least one non-trivial automorphism.

Proof. If G is not abelian, then G — Z(G) isn't empty. Choose go € G — Z(G). Then x +— goxg,' is a non-trivial
automorphism.

If G is abelian, and if there is an x € G such that x # x~1, then x — x~! is a non-trivial automorphism.

Otherwise we have an abelian group in which the order of every element (except 1) is 2. Now, we claim that (F», G) isa
vector space over [Fp, where for any @ € F; and v € G, one defines a - v := v, and thus O, - v = 1g,and 1p, - v = v.

We must first confirm that the axioms of a vector space are indeed followed: If we refer to the axioms /ere, then it’s not
hard to verify that G is indeed a vector space over F,. Moreover, since |G| > 2, the dimension d of this vector space is > 1.
Then note that if we permute the basis vectors of our vector space, we obtain a non-trivial automorphism of G. m|

1

Exercise 2.7. Let G be a finite abelian group. Let p = [1gcc §- Let k be the number of elements in G of order 2. Show that p = 1¢
ifk#1,andp =t ifk =1, where t is the unique element of order 2.

Zwhich is (0, 0)



https://en.wikipedia.org/wiki/Vector_space#Definition_and_basic_properties

Proof. Let H be the set of all elements in G s.t. g> = 1. Note that H is a subgroup of G, |H| = 1+ k, and H is a vector
space over Fy, so |H| is a power of 2. Note that all elements in G — H get canceled by their inverses in [],¢¢ g, and thus

[Tgec & = [gen - Now, if
e k=0: Then H = {1}, and ngHg =1c.
* k=1: Then H = {1, t},and [[gepy g = .

® k> 2:Since H = Fg for some d > 2,

[1e~Pforsfd=| D D, fores D S

8€H feFd feFd  feFd feFd

Since exactly half of Fg ‘s are 1s (and the other 0s), we have that }; fexd fi =291 = 0 mod 2, and thus [] ¢eH8 ~0p ~1c. O

Exercise 2.8. Let G, H, K be 3 groups and let K be abelian. Endow Hom(:, K) with the pointwise addition operation to make it an
abelian group. Prove that Hom(G x H, K) is isomorphic as a group to Hom(G, K) x Hom(H, K).

Proof. We refer to the proof here.
Let G, H, K be three groups with K abelian and consider two homomorphisms:

jc:G—GxH

jc(g) =(g, 1)
ju:H— GxH

ju(h) = (1, h)
Define

® : Hom(G x H, K) — Hom(G, K) x Hom(H, K)
®(A) = (Aojg,Aojn)

We treat each Hom as a group via pointwise addition. Then note that @ is a group isomorphism. Indeed,

1. ®@is a homomorphism:
DA +B)=((A+B)ojc, (A+p)ojn)

WLOG lets consider the first coordinate only:
(A+pB)oje)g) =(A+p)g 1) =g 1) +p(g,1)=Acjc(g) +pojc(g)

In other words
(A+B)ejc=Acjc+pojg

Analogously (A + ) o jg = A o jg + B o jg showing that
DA +B) = D(A) + D)


https://math.stackexchange.com/questions/2757335/the-set-of-all-complex-homomorphisms-of-abelian-group-g-has-the-same-structure

2. @ is invertible: Indeed, consider the function

© : Hom(G, K) x Hom(H, K) — Hom(G X H, K)
O,B):GXxH— K
O, B)(g, h) = A(g) + B(h)

It’s easy to see that © is the inverse of ®, and thus @ is an isomorphism.

3 Linear Representations

Exercise 3.1. Let G be a finite subgroup of GL(n,R). Prove that there exists x € GL(n,R) such that xGx~! is a subgroup of
O(n, R).

Proof. Define the matrix

Bi=) g"g

g€G

It’s easy to see that B is a symmetric positive definite matrix °>. On the other hand, also note that for any / € G, we have

HTBh =Y hWTgTgh =" (gh)'(gh)

g€G g€G

But as we saw above, pre- or post-multiplication by any element of a finite group merely permutes it’s elements, and thus

D g (gh)= ) g"g = h'Bh=BVheG
g€G geG
Now, since B is a real symmetric (strictly) positive definite matrix, it can be written as x” x for some x € GL(n,R)*. Thus
h"Bh=Be= h'x'xh=x"x &= (x)Th'x"xhx™t =1
= (xhx ) (xhx™)=1VheG
Thus we have explicitly constructed a x € GL(n, R) which demonstrates xGx~! < O(n, R). O

Exercise 3.2. Let G be any finite group. Show that there exists a monomorphism f : G — GL(n, R).

. P
Proof. We construct an inclusion S,, — GL(n, R) such that for any 0 € S,,,

Y(o)(e) = eq(i)

3Since gT¢’s are symmetric, B is symmetric too, and since g7 ¢’s are strictly positive definite (since g is invertible, g" ¢ is strictly positive definite), B
is strictly positive definite too

4B being real symmetric implies it can be written as OTDO (where O is an orthogonal matrix), and B being positive definite implies D > 0, and thus
we can choose x = VDO




where {e1, e, ..., e,} is the canonical basis of R", and consequently for any vector R” 3 v = } | aje;,

P(0)(©) = ) aie(y
i=1

Basically, ¢ maps each permutation in S, to the corresponding permutation matrix in GL(n,R)°, and it’s easy to see that
this is a monomorphism. Since the composition of monomorphisms form a monomorphism, and since we already know
a monomorphism b/w G and &,,, there exists a monomorphism from G to GL(n, R) too. m]

Exercise 3.3. Define M : C— M(2,R), M(x +iy) = [_xy z] For any matrix A € M(n, C), replace every entry z of A by the
2 X 2 block M(z) to form a 2n x 2n real matrix A’ € M(2n,R). Show that det(A’) = | detc A|2.

Proof. Consider the map f : M(n, C) — M(2n,R). We shall show that it is a homomorphism: Indeed, if one takes two
matrices A1, A2 € M(n,C), then by expanding their product it’s not hard to see that f(A;1)f(A2) = f(A14y), ie:- f is
a homomorphism. Now by Schur’s triangularization, we have that every matrix in M(n, C) is similar® to some upper
triangular matrix. Since homomorphisms preserve relations and inverses, we obtain that it is enough to verify the given
assertion for upper triangular matrices A € M(n, C). In fact, since for upper triangular matrices the determinant is determined
entirely by diagonal entries, it is enough to verify the above assertion for only diagonal matrices in M(n, C). But that follows easily
through directly expanding the matrices. |

4 Dihedral Groups

Exercise 4.1. Produce a group isomorphism S3 = D3, where D3 is the dihedral group.

Proof. Let r € D3 denote anticlockwise rotation by 27/3, and let ¢ € D3 denote reflection along x-axis. Then D3 =
{1,7,7%,0,0r,0r%}. Let ¢ be our isomorphism. Then:

* p@id) =1

AN
o 1)

On extending ¢ to other elements of &3, one can verify this is an isomorphism.
Note: Let G; and G, be two groups, and let S be a generating set of G1. If there is a homomorphism f : S = G, then
there can be atmost one extension of f to a homomorphism between Gy — Go. m]

W N

Exercise 4.2. Show that G3 is generated by a 2-cycle and a 3-cycle.

Proof. Immediately follows from the previous exercise: One notes that ¢ € Dj is (equivalent, in the sense of our
isomorphism, to) the 2-cycle (2, 3), while r € Ds is the 3-cycle (1, 2, 3). Thus S; is generated by a 2-cycle and a 3-cycle. O

Exercise 4.3. Calculate Z(D,,) for n > 2.

5it’s easy to show that permutation matrices are invertible and hence belong to GL
®A ~ Bif A = PBP~! for some P € GL(n, C)



Proof. We use the presentation D,, = {rio/ :i € {0,1,...,n—1},j € {0, 1}}. ' '
Note that o ¢ Z(D”) for any n > 2, since or = rlo # ro. Similarly, r'c ¢ Z(D,) if i > 0 since r'c - r = ri-lg, while
r-rig = ritle # ri-lg, Finally,

1. If n is odd: Then r' ¢ Z(D,) for n/2 > i > 0, since r'c = or' = r? =1, which is not possible. And if r’ € Z(D,)
for i > n/2, then since Z(D,,) is a group, r~' =1/ € Z(D,),0 < j < n/2, which again isn’t possible.

2. If n is even: As above, r’ € Z(D,) = r? =1 = i = n/2. We further verify that r"/?> € Z(D,)).
Thus Z(D,,) is trivial if 7 is odd, and Z(D,) = {1, r"/?} if n is even. O

5 Cosets

Exercise 5.1. Let H be any subgroup of a group G. Prove that the association G/H — H\G : gH v Hg is well defined if and only
ifforallh € Hand forall g € G, ghg™ € H.

Proof. Note that the association gH +— Hg is not well-defined iff there are two elements gi,g> € G such that the
left cosets of g1 and g, are the same but their right cosets aren’t 7. Thus the condition for the association to be well
defined is equivalent to g1H = $oH = Hg1 = Hg Vg1,8 € G. But ¢1H = oH & g7 1 g € H, and similarly
Hg1=Hg & ¢18,' € H & g¢;' € H. Thus gH +— Hg being a well defined function is equivalent to saying
g1 @2€H = g7  €HVg1,9€G6
Thus for any ¢ € G and any & € H, we have
¢l (gh)e H = ghg'eH

as desired.

Conversely, ghg™' e H = g¢he€ Hg = g¢H C Hg Vg € G. Similarly, ghg™' € H = hgte ¢o'H = Hg™' C
¢ 'H Vg € G. Applying this conclusion for g — ¢! yields Hg € ¢H, and thus ¢H = Hg Vg € G. Consequently, the
association gH +— Hg is well defined ®. m|

Exercise 5.2. For any subgroup H of a group G,
1. Produce a bijection G/H — H\G.
2. Produce a bijection G/H X H — G.

(G and H are not necessarily finite)

Proof. The bijections are as follows:

1. The function f : gH > Hg ' works. Indeed, if $1H = g;H, then g;'¢o € H = Hg;! = Hg,', and conversely,
Hgy = Hg,, then ¢g;'H = g;'H. Thus the association is well defined and bijective.

2. Let each coset in G/H be represented by any element of the coset (this line requires the Axiom of Choice). Then it’s
easy to see that the function ¢ : G/H x H — G : ¢((g, h)) = gh is indeed a bijection.

7if that happens, then g1 H = goH will get mapped to two different sets Hg1 and Hg, and thus won'’t be a function.
8the association is just the identity function in this case



6 Order

Exercise 6.1. Let G be any group and assume that a € G, (a) := {a": n € Z} is finite. Let 0(a) := min{n > 0: a” = 1¢}.
1. Prove that o(a) = |{a)]|.
2. Describe the kernel and the image of the homomorphism Z — G: n +— a".

Proof. Since (a) is finite, there exist m, n such that a™ = a™*", and thus a” = 1¢. Also, if n is the minimum number such
that a”" = 1g, then 1,a,4?,...,a""! must all be distinct’, and for any k > n, ak = a*™°d"_ Thus (a) = {a* : n > k > 0},
and thus o(a) = |(a)|.

For the second part, as mentioned above, the image of the homomorphism is (a), and the kernel is 0(a)-Z: Why? Clearly,
all multiples of o(a) take our homomorphism to 1. Moreover, if there exists n’ such that ' = 1g and n’ ¢ o(a) - Z,
then n” mod o(a) yields a number strictly smaller than o(a) which also takes our homomorphism to 1¢, contradicting the
minimality of o(a). O

Exercise 6.2. Let G be a finite group and let n = |G|. Prove that for every element a € G,a" = 1.
Proof. Since {a) is a subgroup of G, o(a) = [(a)|||G| = n 'V, and consequently a" = 1. O

Exercise 6.3. If G is a finite group such that 3 does not divide n = |G|, and if for all a, b € G, (ab)® = a®b3 then G is abelian.

Proof.
(ab)® = a®b® = baba = aabb & (ba)* = a*b?

Then
(ab)* = ((abP)? = (B%a?)* = a*P*
But
(ab)* = a(ba)®b = ab®a®b
Thus

ab%a®b = a*b* = b3%a® = 233
Now, since 3 /n, let n’ be the smallest integer greater than n which is divisible by 3. If a% = a;, then u{l/ = ag", and
thus aj = aj where ¢ € {1,2}. From here it’s easy to deduce that a; = a>. Thus, the map x — x3 is injective, and
since G is finite, bijective too. Consequently all elements x, y € G can be written as a3,b3 for some a,b € G, and thus
a3b® = b3a3 Va, b € G is equivalent to saying that G is abelian. m]

7 Quotients

Exercise 7.1. Let k = Q,Ror C. Let V = k", and consider the inner product g : V XV — k defined by g(v, w) = v*w, where v*
is the conjugate transpose of v. Let W be any linear k-subspace of V. Define the orthogonal complement by W+ = {v € V: Yw €
W, g(v, w) = 0}. Then prove that

1. V=We WL,

9otherwise there will be an even smaller number 1’ such that a”’ = 1g
19Lagrange’s Theorem



2. The composition W+ <5V L V /W where the first one is the inclusion and the second one is the quotient map, is an

isomorphism.

Proof. The proofs are as follows:

1. Let {w1,wy, ..., wi} be an orthonormal basis for W. Then for any vector v consider w = Z:-;l (v, w;)w;, and
w’ =v—w. Thenw € W, and w’ € W+. Moreover it’s easy to see that this choice of w is unique. Thus V = W& W+.

2. Since Y1 (x = x), P2 (v = v + w) are homomorphisms, so P := P o P1 (x = x + w) is also a homomorphism.
Moreover, since V = W @ W+, ¢ is an epimorphism. Furthermore, kerip ={x e W+ :x+ We W} ={xe Wt :x €
W} = {0}. Since the kernel of ¢ is trivial, it’s injective, and thus an isomorphism.

O

Exercise 7.2. Give examples of a group G, a normal subgroup N and two different epimorphisms 11,2 : G — G’ such that
ker 1 = ker m,.

Proof.

G—2-G/N

o
4
G/

T2

Note that if o is any non trivial automorphism of G/N, and if we'! have an epimorphism 7 from G to G/N, then g o 7t
gives us another distinct epimorphism from G to G/N such that kerm = kerg o = N.
Indeed, that’s what we do: Choose an abelian group G with a proper subgroup N ' such that G has atleast one element

gsuchthat g # ¢7!. Let G 5 G/N: 11(g) := gN be the usual epimorphism. Let G/N <> G/N be the automorphism
d(gN) := ¢7'N 3. Then 11, = 0 o 711 is another distinct epimorphism from G to G/N with the same kernel N. o

Exercise 7.3. Let ¢ be an epimorphism from G to G/N (where N is a normal subgroup). Is ker ¢ necessarily isomorphic to N?

Proof. Let G =Z/3Z®Z,and let N = Z/3Z&® 6Z '*. Then G/N '° is isomorphic to Z/6Z = Z/3Z&® Z/2Z. Then ker ¢ = 2Z,
which is not isomorphic to N. m|
8 Group Actions

Exercise 8.1. Let A,B be two abelian groups and let ¢ : B — Autgy(A) be any group homomorphism and let G = A =y B. Prove
that G is abelian if and only if ¢ is trivial.

Hpy the usual quotient construction

12gince G is abelian, N is normal

13i’s easy to verify that this is an automorphism given G is abelian

I4gince the groups in question are abelian, any subgroup is normal

5note that the coset along the first coordinate is trivial since G and N are same along the first coordinate. Thus the overall coset can be taken to be
coset of the second coordinates of G and N.



Proof. 1If ¢ is trivial (ie:- it's image is just the identity automorphism), then (a,b) - (c,d) = (a¢p(c), bd) = (ac,bd)
(ca,db) =(c,d)-(a,b).

If G is abelian, then (a,b) - (c,d) = (c,d) - (a,b) = aop(c) = cpa(a) Va,b,c,d € G. In particular, let d = 1, then ¢,
id, and thus a¢y(c) = ca =ac = ¢p(c) = ¢ Vb, ¢, and thus ¢ is trivial. o

Exercise 8.2. Let N, H be 2 subgroups of a group G such that H < Ng(N), so that 0 : H +— Aut(N), 0,(n) = hnh™ ,isa
homomorphism. Consider the semidirect product N »g H and the map f : N =g H — G, defined by f(n, h) = nh. Prove that

1. f is a homomorphism.
2. ker f = NNH.
Proof. The proofs are:
L f((n1, h1) - (n2, h2)) = f(1164,(n2), hihy) = f(nihinahi®, hihy) = nihinahy hiha = nihinghy = f(ny, ) - f(n2, hy)

2. ker f ={(g,¢7) : ¢ € NNH}. Considerthemap a : ker f = NNH, a(g, ¢"!) = g~!. Clearly aisbijective. Moreover,

a((81, 87" (82,.8,") = a((8281,87'¢)) = 8,8, = a(g1,87") - a(g2,8,"), and thus a is a homomorphism, and
consequently an isomorphism.

Exercise 8.3 (N/C Theorem). Let H < G be groups. Show that Ng(H)/Cc(H) is isomorphic to some subgroup of Aut(H).

Proof. Note that Ng(H) acts by conjugation on H, and thus there is a homomorphism Ng(H) +— Aut(H) : n —
Ou(h +— nhn™'). Clearly the kernel of this homomorphism is Cg(H) < Ng(H). Thus by the first isomorphism the-
orem N (H)/Cg(H) is isomorphic to some subgroup of Aut(H). O

Exercise 8.4. Let G be a group of order n, and let A be a normal subgroup of order p, which is prime. Suppose gcd(p —1,n) = 1.
Prove that A < Z(G).

Proof. Note that G acts on A by conjugation, and thus there is a homomorphism 6,(a) := gag™" from G to Aut(A). Now,
A = Z/pZ, and thus Aut(A) = Z/(p — 1)Z. Since ged(p — 1, 1) = 1, this homomorphism must be trivial '°. Consequently,
Oq¢(a) =a Va € A, g € G. But that implies A < Z(G). O

Aliter. Since A 4 G, Ng(A) = G. Thus by the N/C theorem, G/C;(A) is isomorphic to some subgroup of Aut(A) =
Z/(p — 1)Z. Thus n/|CG(A)||(p — 1), and consequently, if Cg(A) # G then we'll have ged(n,p — 1) > 1, leading to a
contradiction.

Thus Cg(A) =G = A < Z(G). m]

Exercise 8.5. In a group of odd order, no nontrivial element is conjugate to its inverse.
Proof. Let x™! = goxg;?. Now,
x_l = goxgal = g0 =Xg8ox — xkgoxk =80 Vk e N

Define the map 0, : x — gxg~'. Thus 6, takes (x) to itself. Moreover, note that restricted to (x), O, © O, = 6;0 is
identity.

16otherwise the order of elements not in the kernel of the homomorphism must divide both p — 1 and #, leading to a contradiction
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Now, note that H := N¢({x)) acts by conjugation on (x), and go € H. Thus 6 is the conjugation homomorphism from H
to Aut({(x)), and by the first isomorphism theorem H /ker = im 6. But

|H| |G|
H /ker 6| = =
[H/ker 01 = 5 61 = 1G/HI ker 0]

is odd, and thus im 6, being isomorphic to H/ker 0, doesn’t contain elements of even order. However 0g, € im 0 is an
element of order two, leading to a contradiction. m]

Exercise 8.6. Let G be a group, and let H and K be subgroups of G. Define the set HK := {hk : h € H, k € K}. Prove that

_IHI K]
[HNK]|

|HK]|

Proof. Consider the group action, with the group H X K acting on the set HK as
(h,k)-x:=hxk™,(h,k) € HxK,x € HK
This is indeed a group action since for any (h1, k1), (h2, k2) € H X K,
(ha, ko) - (M1, k) - x) = (hp, ko) - (hixk() = hahyxk'ky " = (hahy, koky) - x
This action is also easily seen to be transitive. Thus by the Orbit Stabilizer theorem

|[Hx K| _ [H|-[K]|

IHK] = |Stab(s)| _ |Stab(s)|

for any s € HK. In particular we may choose s = 1 to yield Stab(1) = {(h, k) : h €« HN K} = [Stab(1)| = |H N K|, which
yields the desired formula. m]

Exercise 8.7. Any group of order p? is abelian.
Proof. Note that any group G acts on itself by conjugation. By the class formula in that contex, we have

[€
Gl =1Z@G)+ )] ,
$i#Z(G),iel Stab(g:)

If G is a p-group, then |G| and Stalg(l o) are both divisible by p, and thus Z(G) is also divisible by p.

Thus, if |G| = p?, then | Z(G)| = p, p?>. We’ll show that |Z(G)| = p can’t happen. To that end, note that if | Z(G)| = p, then
G/Z(G) is a cyclic group of p elements. Now it's well known that if G/Z(G) is cyclic, then G is abelian, contradicting the
fact that | Z(G)| < |G|. Thus G is abelian. O

9 Sylow Groups

Exercise 9.1. Let G be a finite group such that |G| = pqr, where p < q < r are primes. Prove that the r-Sylow subgroup of G is
normal.

11



Proof. We first show that some Sylow-subgroup of G must be normal. Assume for the sake of contradiction that the
number of p, g, r-Sylow subgroups of G, denoted by 1,, n,, n, respectively, are all greater than 1. Also note that all these
Sylow-subgroups share no common elements other than 1.

Then since 7, = 1 mod ¢ and ng‘pqr for ¢ € {p,q,r}, we have n, = pq,n; > r,n, > q. Then the total number of

non-identity elements contained in these Sylow groupsis > pgq(r—1)+r(g—1)+q(p—1) = pgr-=1+(r-1)(g-1) > pqr-1,
contradicting the fact that there are only pgr — 1 non-identity elements in G.

Now, if the Sylow-subgroup which was normal was the r-Sylow subgroup, then we are done. Otherwise n, = pq, and
pq(r —1) = pqr — pq elements in G have order r, leaving behind pg — 1 non-identity elements to account for.

Let P be the p-Sylow subgroup of G, and say P is the normal Sylow-subgroup of G. Since P is normal, PQ and PR are
subgroups of G, where Q, R are any g and r-Sylow subgroups. Then we have p — 1 elements of order p from P, g — 1
elements of order g from Q, (p — 1)(q — 1) elements of order pg from PQ'/, and (p — 1)(r — 1) elements of order pr from
PR, which gives us a total of pg — 1+ (p — 1)(r — 1) > pq — 1 distinct non-identity elements, leading to a contradiction.

If Q is the normal Sylow subgroup of G, a contradiction can be derived as in the above paragraph. m]

Exercise 9.2. Let G be a finite group such that |G| = p®, where p is a prime and o € N. Then prove that G has normal subgroups
of order p* for all k € [a].

Proof. If a = 1, the statement is trivially true. We now proceed by induction.

We shall also use a weaker version of the above problem statement in the proof below, which goes as “Every p-group has
p-subgroups of every order possible”. We're trying to strengthen this statement to add “normal” in it.

By usual class formula arguments, since G is a p-group, we know that Z(G) is not trivial. Thus let |Z(G)| = p?, where
0<pB<al

For a > 1, for k < B, we can simply take subgroups of Z(G) of order p¥, and be done with '°. For k > B, consider the
projection epimorphism 7 : G — G/Z(G) =: H. Since H is a p-group of order p** < p%, it has a normal subgroup (say
H’) of order p*~# by our induction hypothesis. Then 7~}(H’) is a normal subgroup of G*°. But n™'(H")/Z(G) = H =
|7~ YH')| = |H'| - |Z(G)| = p*F - pP = pF, as desired. o

Exercise 9.3. Let G be a group, N < G be a normal subgroup of G, and P be a p-Sylow subgroup of G for some prime p dividing
|G|. Show that N N P is a p-Sylow subgroup of N.

Proof. Since N < G,
gN=NgVgeG = gN=NgVgeP =— PN=NP
Thus PN < G. From the product of groups formula proved in the Group Actions exercises, we have

_ |P[-IN] |[PN| _ _IN]

PN— _ — = —
IPN| PN P ~ |PNAN|

We introduce a notation at this point, which is

n,p"" ¥ n, n €N, p prime

vp(n) := £, where p‘}

7leta e P,p€ Q. Thensince P < G, fap™' =a’ € P = Pa = a’f = (af)’ can be written as a”p” for a” € P,p” € Q, and then o(ap) can be
deduced to be pq

188 = o would imply that G is abelian. Now, we already know that p-groups have subgroups of every order p*, k < a, and G being abelian would
imply that all of them were normal too, and thus we would be done

Pnote that any subgroup of Z(G) is normal in G

20by the Third Isomorphism Theorem normal subgroups of a group and it’s quotient correspond naturally under the projection map
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Now, note that G > PN > P, and thus v,(|G|) > v,(|[PN|) > v,(|P|). However, since P is a p-Sylow subgroup,
vp(|P]) = v(|G|), and consequently, v,(|PN|) = v,(|P|), which implies that v,,(|PN|/|P|) = v,(IN|/|P N N|) = 0, implying
vp(IN|) = vp(|[P N NJ). Now, since PN N < P, PN N is a p-group. Thus P N N is a p-group, which is also a subgroup
of N such that the power of p dividing it’s order is equal to the power of p dividing the order of N, and thus PN N is a
p-Sylow subgroup of N. m]

10 Exact Sequences

Exercise 10.1. Let 1 — G’ — G £, G” — 1 be a split short exact sequence of groups. Prove that G = G’ < G".

Proof. We know that N := ker(B) is normal in G. We also have G'/ker(a) = im(«) = N. But since a is a monomorphism,
ker(a) is the trivial group, and thus G’/ker(a) = G’, and thus G’ = N. Consequently, G’ g G” = N g G”.

Note that since we have a split sequence, there exists a homomorphism s : G” = G such that f os = idg~. Then consider
the homomorphism

" % Aut(N)

Ogr(n) := s(g")ns(g”)™"
Then

® 0 is an automorphism:

1. Qfl’f(”l’”) = s(g")minas(g”) ™" = s(g”")n1s(g”) 7t - s(g”)nas(g”) ™! = Bgn(n1) - Ogr(112). Thus Oyr is an homomor-
p 1sm.

2. Ogn(n1) = Ogr(nz) & s(g”)n1s(g”) ™ = s(g”)n2s(g”)™" & n1 = ny. Thus O~ is injective.
3. n= Ggu(s(g”)‘lns(g”)) for all n € N. Thus 0O~ is surjective, and thus an automorphism.

* 0 is a homomorphism:

1. Ogr 0 Ogr(n) = s(g7)(s(g5)ns(gy Ds(gH ™t = Ogrgy(n). Thus 0 is a homomorphism. Here we used the fact
that s is a homomorphism.

To establish the isomorphism N =g G” = G, consider the map
@:NxgG"+— G:(n,g")— ns(g”)

Then

7" 1 7" A1

L @((n1, g7)(n2, 87)) = p(m10gy(n2), g783) = mis(g7)n2s(gy) " +s(8785) = mis(gyImas(gy)"'s(g7)s(gy) = mis(gyInas(gy) =

o, g{’) - ¢(n2, g5). Thus ¢ is an homomorphism.

2. ms(gy) = n2s(g}) &= ny'n = s(g5(87)™") &= B(ny'n1) = B(s(gy(g)) ™) = 1=gJ(g)) " = g/ =gy, m =
ny. Thus ¢ is injective.

3. Given g € G, consider g” := f(g), n := gs(¢”)™". Then g = ¢(n, ¢”), and thus ¢ is surjective.
Thus ¢ is an isomorphism, as desired. m]

Exercise 10.2. Prove that Z(GL,(C)) = {al,, : a € C*}.
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Proof. Consider a diagonal matrix D € GL,(C) such that all the diagonal entries of D are distinct complex numbers.
Consider A € Z(GL,(C)). Then AD = DA, and we have

n

(AD);j = Z aikdxj = aijdjj
k=1

n
(DA);j = Z dixaxj = ajjdii
k=1
If i # j, then a;;d;; = a;;d;; implies a;; = 0, since d;; # dj;. Thus A is a diagonal matrix.
Now if we have a;; # aj; for some i < j, then note that choosing21 M € GL,(C) such that m;; # 0 yields, on equating the
(i j)”n positions of AM and MA, a;jm;j = ajjm;j, leading to a contradiction.
Thus a;; = ajj for all i, j, and thus A is a scalar matrix, as desired.

Note: The above proof verbatim, with GL,, replaced by B, also shows that Z(B,) = {al, : a € C*}. O
Exercise 10.3. Prove that the extension 1 — SL,,(C) — GL,(C) g G (C) — 1is split.
Proof. Let

z 0

5:Gu(C)—> GL(C): z >

0 In—l
s is obviously a homomorphism, and o s = idg,,(c). o
Exercise 10.4. Fora € C*,b € C, write f(a,b) := 0 1? } Let B={f(a,b):a e C*,b e C}. Prove that

1. B is not commutative.

2. Ifab) = f(1,b)and B(f(a, b)) = a, then 1 — G,(C) B i) Gm(C) — 1is a split short exact sequence.

Proof. We can see that

1[2 1]_[3 1]_[6 7/3] [6 7/2] [ }[2 1}
1o 1/2| o 1/3] T |0 1/6 0 1/6 0 1/3| [0 1/2

2. a is injective, B is surjective, and both are clearly homomorphisms. Also, im(a) = ker(8) = Up(C), and thus this is
a short exact sequence. Finally s : G,,(C) + B :a + f(a,0) is a homomorphism, and we also have o s = idg,,(c),
and thus this is a split short exact sequence.

1 a b
Exercise 10.5. Let for a,b,c € C,u(a,b,c) := |0 1 ¢
0 0 1

G4(C)? : u(a,b,c) — (a,c). Prove that B is a group homomorphism and there is a central short exact sequence as follows, where
a) =u(0,b,0):

. Let G = U3(C) := {u(a,b,c) : a,b,c € C}. Let B : G —

15 Gy(C) -5 U3(C) -5 G,(CP — 1

we can choose the permutation matrix of ¢ = (i j). It has m;; = 1, and is invertible.

21
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Proof.

u(a,b,c)-ua,v’,c’Y=ula+a’,b+b" +ac’,c+c’)

Thus g is an epimorphism.

Also

Thus

a is clearly a monomorphism, and im(«) = {u(0,b,0) : b € C} = ker(B). But note that
u(a,b,c)-u(0,b’,0) =u(a,b+b’,c)=u(0,b’,0) - u(a,b,c)

im(a) < Z(G), and thus the sequence is central. O

Exercise 10.6. Which of the following properties do extensions preserve? Provide proofs or counterexamples. Note that when we

enqui

]

re if extensions preserve a property P, we mean that in the short exact sequence 1 — A B £, C — 1,ifboth Aand C

possess the property P, then does B also necessarily possess P ?

1.

2
3
4
5.
6
7

Cyclicity

. Abelianity
. “finitely-generated”ness

. Finiteness

“p-group”ness

. Periodicity (A group G is called periodic of every element in G has finite order)

. Torsion-freeness (A group G is called torsion-free if every element in G other than 1 has infinite order)

Proof. The proofs and counterexamples are as follows:

1.

False: Every semi-direct product can be realized as an extension, and since &3 = Z/3Z < Z/2Z is not cyclic, we have
a counterexample. Since &3 isn’t abelian either, we have another counterexmaple for the next part.

False: A counter example is given by the abelian groups G’ = G,(C), G” = G,(C)?, whose group extension given in
the previous exercise generated a non-abelian group (U3(C), -).

True: Indeed, C = B/ker(B) = B/im(a). Since A is f.g., im(«) is f.g. too. Thus, we shall now prove that if G/N = H,
with N, H being f.g., then G is a f.g. too.
To that end, for any ¢ € G, we have ¢ = yn € y¢N € H. Since H is finitely generated, and if Y is a finite generating

set of H, then y, is a word on elements of Y := 7*(Y) 22, and since N is f.g. too, 1 is a word on the generators of N
(let X be a finite generating set of N), and thus a word for g can be formed by concatenating the Y-word for y, and
the X-word for 1, leading to g € (XUY) = G C(XUY).

Conversely, one notes that since N < G*°, we have that for any y € G, x € N 3x’ € N such that yx = x’y, and thus
for any word in w € (X U Y), if any member of X immediately precedes a member of Y in w, one can swap them.
Consequently, every word in (X UY) is equal to the concatenation of a Y-word and a X-word?*. But from our above
discussion such a word generates a member of G, and thus (X UY) € G. Hence G = (X U Y), and thus is f.g.

22n>e

(Y) is the set comprised of y € G such that for every i € Y there is a unique y € 7*(Y) such that ¥ = 7(y) = yN. Note that we can’t simply set

Y = 7 1(Y) since if N is infinite, then Y becomes infinite
Bthis symbol denotes that N is normal in G. Also, N is indeed normal in G since we're talking of the quotient G/N as a group
Zeither of them possibly empty
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4. True: Since we have C = B/im(«a) and |im(«a)| = |A|, we have that |B| = |C| - | A|.
5. True: |B| = |C| - |A]|.

6. True: Forany b € B,f(b) e C = Tn p(b)' =1 = b" e ker(f) = V" e im(a) = Ta € A a(a) =b". Since
acA I a" =1 = a@”) =" = 1=0b"", and thus b has finite order.

7. True: If we have b" = 1p for some b € B, then B(b)" = 1c = B(b) = 1¢ since C is torsion-free. But that implies
beker(f) = beim(a) = FacAa(@)=b = a@@)=1 = a"=1 = a=1 = b=1,and thus Bis
torsion-free.

Exercise 10.7. Let N be the set of strictly upper triangular matrices with coefficients in C. Let U,(C) = I,, + N. Prove that
1. N" =0thatis, forg1,...,8n € N,g1---gn = 0.
2. U,(C) is a subgroup of GL,(C).
3. Frae N,be N/, [1+a,1+b]l=1+a)1+b)(1+a)'1+b)el, + N,

Proof. The proofs are as follows:

1. We claim that if M € N¥, k € [n], then M;; = 0 for i € [n],t € [min(i + k — 1, 1)]. That automatically shows N" = 0.
The claim is true for k = 1 by the definition of N. If the claim is true for k € [r — 1], then by induction (M =
M’'N, M’ € Nk1)

n n

M;; = ZM;'INU = Z M /Ni+ =0, t € [min(i +7—1,n)]
=1 I=i+r-1

as desired.

2. Note that I, is the identity of I, + N 25 Also, note that N is a semi-group under multiplication (thus N k'c N for
any k € N) and group under addition. Moreover, for any M € N it’s easy to verify that

n-1
I+ M) =1, + > (-M)* € I, + N
k=1

Also
(In +M1)- (In +M2) =L, +Mi+My+ MM el,+N

Thus I,, + N is a group.
3. Continuing from the above, we make the following observations:
e NiC Nifori>j
e IfaeN',beNithena+be Nmnij)
e Ifae N, then(1-a)! =1+, aF =1+ Y} ] a*

Zunder multiplication
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Also, since (N, +) is a group, we replace a, b by —a, —b in the expression for convenience, to get
1-a)1-0)A-a)'1-b)"'=1-a—-b+ab) (1 + Z abh b"z)
H+6H>1

Now, it’s easy to see that when the above expression is opened, we’ll get something of the form 1 + f(a, b), where
f(a, b) is a sum of product of a’s and b’s, such that there is atleast one a and one b in every product. Then note that
every term in f(a, b) must belong to N'*/, and thus f(a,b) € N'*/, thus finishing the proof.

11 Nilpotent and Solvable Groups

Exercise 11.1. Let Q, N be two abelian groups. Let 0 : Q — Autg(N) be a group homomorphism and G = N »g Q the
corresponding semidirect product. Prove that G is solvable.

Proof. Consider the subnormal series
{1} 9 N'aG

where N’ := {(n,1) : n € N} < G is the normal subgroup of G induced by N. Moreover, N’/{1} = N is abelian, G/N’ = Q
is abelian. Thus G is solvable. O

Exercise 11.2. Prove the following statements:
1. The dihedral groups D,, are all solvable.

2. The dihedral group D, is nilpotent if and only if it is a 2-group. [This gives a class of nilpotent groups which are non-abelian
and semidirect product of cyclic subgroups.]

Proof. The proofs are as follows:
1. Since D,, = Z,, = Z,, by the previous result we're done.

2. If Dy, is a 2-group, then it’s nilpotent since any p-group is nilpotent.
The statement is true for n = 2, so assume n > 2. If D, is nilpotent, then by the classification of finite nilpotent
groups we have that it is the product of its Sylow subgroups, all of which are normal. Thus, let

r
D, =Py xPyX---xP, = Z(Dn)=®Z(Pi)
i=1

But |Z(D,)| = 1,2 as shown in the Dihedral Groups exercises. Thus, if p
p|Z(P)l = p|1Z(D,)|*°, which is a contradiction.

n, where p is an odd prime, then

Exercise 11.3. Prove that any group G of order pq, where p < q are primes, is solvable.

26Gince P is a p-Sylow subgroup, the size of it’s center is divisible by p by class equation arguments
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Proof. Consider the subnormal series
{1}2Q=<G

where Q is the g-Sylow subgroup of G. Then the normality relation “{1} < Q” is obvious, and the normality relation
“Q < G” holds because |G : Q| = p is the smallest prime divisor of |G|. Also note that Q/{1} has order g, and thus is
abelian, and similarly, G/Q has order p, and thus is abelian.

Consequently, G is solvable. ]

Exercise 11.4. Prove that any group G of order pqr, where p < q < r are primes, is solvable.

Proof. Consider the subnormal series
{1} <R<2RQ=2G

where R, Q are r, q-Sylow subgroups of G respectively.

From the Sylow theory exercises, we know that R < G. Since R is normal, RQ is a subgroup of G. Also, since |G : RQ| =p
is the smallest prime divisor of G, RQ < G. Finally, note that the the order of every quotient of consecutive members of
this series is a prime, and thus all the quotient groups are abelian. Consequently, G is solvable. m]

Exercise 11.5. Show that the alternating group Uy is solvable.

Proof. One cannote that(1,2,3),(1,3,2),(1,2,4),(1,4,2),(2,3,4),(2,4,3),(1,3,4), (1,4, 3) are 8 members of A4 with order
3. That leaves us with exactly 4 elements which don’t have an order of 3, and we recognize these elements to be part of
the unique 2-Sylow subgroup (let’s call it P) of 2. Since the Sylow subgroup is unique, it’s normal, and we thus have the
following subnormal series:

1<P <y

The normalities are obvious, and one notes that |P : 1| = 4, |y : P| = 3. Since any group of size 3 or 4 is abelian, we get
that the quotients are abelian too, and thus 4 is solvable. ]

Exercise 11.6. Calculate the derived series of Cy.

Proof. Let G := G4, and let A := Ay. Note that A < G.
Since G/A = Z, is abelian, G < A. Further note that since (a,b,c) = [(a,b),(a,c)], G contains all 8 3-cycles.
Consequently, G = A. Now, let P be the 2-Sylow subgroup of A. We have seen that P is normal, and moreover
A/P = Zj is abelian. Thus G® = A® < P, and thus |G?| = 1,2,4. Since A isn’t abelian, |G®| # 1. But note that
[(a,b,c),(a,b,d)] = (a,b)(c,d), and thus G? contains (1,3)(2,4), (1,4)(2,3) and (1,2)(3,4) = id, and thus |G?| > 2, and
thus G@ = P. Since P is abelian, G® = 1. Also note that P = 73 =Ky
Thus the derived series of G4 is

@4 > 914 > K4 >1

O

Exercise 11.7. Let G be a finite group. Prove that G is nilpotent if and only if for every divisor d of n := |G|, G has a normal
subgroup of order d.

Proof. If G has normal subgroups of the order of every divisor of n, then all Sylow subgroups of G must be normal.
Consequently G is a direct product of its Sylow subgroups and thus is nilpotent.

If G is nilpotent, then all Sylow subgroups of G are normal. Let p be any prime divisor of n. From the Sylow theory
exercises we know that the p-Sylow subgroup of G has normal subgroups of order p“ for all a € [v,(n)]. Thus for any
divisor d = []}_, pff ofn =TI, pfi, choose normal subgroups N; of order pfi from the p;-Sylow subgroups. Since all the
N;’s are normal, Ny X Ny X -+ N, < Py X P, X --- P, = G is a normal subgroup of G of order 4, as desired. m]
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Exercise 11.8. Let G = G 2 G 2 G® 2 ... be the derived series of a group G. Prove that if GV /G® and G?/G® are both
cyclic, then G® = G©®,

Proof. Consider the projection epimorphism 7 : G — G®, and project G, i < 3 by 7. Then for any i, j < 3, by the third
isomorphism theorem,
n(GY)y GH/G® GO

n(GY) ~ GV/GB T GO

Thus WLOG assume G® = 1, and thus G /G®? and G? are cyclic grou;as. Since G® < G, Ng(G?) = G, and thus by
the N/C theorem G/Cg(G®?) is isomorphic to some subgrouy of Aut(G®@). Since G? is cyclic, Aut(G?) is abelian, and
thus G/Cg(G®) is abelian, implying Cc(G?) > G = G@ < Z(GW). Now exactly similar to the proof of the G/Z(G)
theorem, GV /G® being cyclic with G? < Z(GW) implies that GV is abelian, which further implies that G® =1 = G®),
as desired. O

Exercise 11.9. Prove that there doesn’t exist a group G such that [G, G] = &,.

Proof. 1If GV = &4, then G? = Ay, G® = Ky, and GV /G? = 7, is cyclic, GP/G® = Z; is also cyclic, yet G? # GO,
leading to a contradiction. m|

Exercise 11.10. Give an example of a solvable group which is not a semi-direct product of its subgroups. [Hint: Consider the
Quaternion group Hg = {+1, +i,+j,+k}, where i* = j> = k* = —1,ij = k = —ji, jk = i = —kj, ki = j = —ik. Show that this
group is solvable but not a semi-direct product. Why does such a group exist? How is this group related to Pauli matrices?]

Proof. Observe that:

1. [1,x] =[x,1] =1forany x € Hg

2. [x,x] =1for any x € Hg

3. [-a,b]=[a,b] =[a,-b] forany a,b € Hg

4. [a,b] = (ab)> = —1foranya,be {i,j, k},a#b
Thus

H := [Hs, Hs] = ({[a,b] : a,b € Hg}) = ({1,-1}) = {1,-1}
HY = HY, B = (1)

Since Hé2) = {1}, Hg is solvable.

Assume for the sake of contradiction that Hg is isomorphic to a semi-direct product of it’s non-trivial subgroups. Then
one of the subgroups must be of size 2, and the other subgroup must be of size 4. Now, it’s not hard to see that all
subgroups of Hg of size 2 are isomorphic to Z, and all subgroups of size 4 are isomorphic to Zy.

Thus our choices from the semi-direct product are Z4 = Zy, Zy = Z4. Furthermore, it’s not hard to see that the only groups
that these semidirect products yield are (isomorphic to) Zs, Ds. Clearly Hg # Zg since Hg is non-abelian, while Hg # Dy
because Hs has exactly one element of order 2 (—1), while Dy has atleast 2 elements of order 2 (d, r?0)*.

Properties and Significance of the Quaternion Group:

¢ Every subgroup of Hg is normal.

* Along with Dy, it’s the smallest non-abelian nilpotent group.

27 -1 2 -1

= r°o =ror 1

ro =or = (120 =rorl-rorl=1
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o Aut(Hg) = &4

e The Pauli matrices are o7 := [(1) (1)] ,00 = [0 Bl} ,03 .= [(1) 0 }
Then Hg = (1,i01,i02,i03).
O

Exercise 11.11. Prove that every finite group of order > 2 has a nontrivial automorphism using the structure theorem for finite
abelian groups in the proof.

Proof. The non-trivial automorphism for non-abelian groups is constructed as earlier.
A cyclic group of order > 2 possesses the non-trivial automorphism induced by x — x~!, where x is the generator of the

gArr(l);1 E.on—cyclic finite abelian group G can be expressed as a product of cyclic groups, ie:-
G2CiXCyXx---XCp,r>1
28 Then consider the non-trivial automorphism induced by the mapping of generators
(c1,¢2,...,¢r) = (c2,C1,..0,Cr)

where ¢; is the generator of C;. O

Exercise 11.12. Suppose G is a finite abelian group, and let G be the set of all group homomorphisms of G — C*, where C* is the
multiplicative group of nonzero complex numbers. For ¢, € G, define their product ¢y by (¢py)(g) = $()YP(g).

1. Prove that G becomes a group.
2. Prove that G and G are isomorphic as groups.
Proof. The proofs are as follows:

1. Let the identity of G be the trivial homomorphism, which maps every element of G to 1cx. Also, for any ¢ € G,
define (¥)7!(g) := ¥(g)~!. With this identity and inverse, group axioms (closure, associativity) are easily verified.
Note that G = Hom(G, C*) is an abelian group.

2. We first prove the theorem for cyclic groups G = Z/nZ: Consider the isomorphism
0 : Z/nZ — Hom(Z/nZ,CX) : r — (1 — 20"/

where a homomorphism is specified by mapping the generator 1 of Z/nZ to some unit in C*.

Then since Hom((X)!_, G, K) = X);_, Hom(G;, K) for any abelian group K, and since for any abelian group G
we have G = (X)!_, Z/n;Z, we can take the product of the isomorphism of cycles to generate an isomorphism for
G = Hom(G, C%).

Exercise 11.13. Does a finite abelian group have elements of every possible order?

28y > 1 because G is not cyclic
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Proof. No. Z3 doesn’t have any element of order 4. Finite abelian groups do have subgroups of every possible order
though. ]

Exercise 11.14. Let A be an abelian group. Let a,b € A, be two elements of finite order, m = o(a), n = o(b). Prove that there is an
element c € A such that the order of c is the lcm (least common multiple) of m and n.

Proof. Define G := (a,b) < A. Then G is a finite abelian group. Fix a prime p[lem(m, n). Then we claim that 3g € G
such that v, (0(g)) = max(v,(m), vp(n)) = vy(lem(m, n)) =: k,. Indeed, depending on whether v, (m) is > or < than v,(n),
g = a or b suffices. But since G is a finite abelian group, G = Z i by the structure theorem. Also, since we have a

g € G with v,(0(g)) = kp, there must be some component Z, in @ Z i such that ¢ > k,. Then, since Z,: is a p-group,

choose an element, say h,, in it with order p k. Now it’s easy to see that

hi= 3k

p|1cm(m,n)
satisfies o(h) = lem(m, n). O
Exercise 11.15. Let G be a finite nilpotent nonabelian group. Show that there is a prime factor p of |G| such that p3 divides |G|.

Proof. Since G is a finite nilpotent group, it is isomorphic to the direct product of it’s Sylow subgroups. Now, we know
that all groups of order p or p?, where p is a prime, are abelian. Consequently, if there isn’t any prime such that p3|| Gl,
then all Sylow subgroups of G will be abelian, and thus G would be abelian too, leading to a contradiction. m]

Exercise 11.16. Prove that a group of order pq, where p < g, is nilpotent if and only if it is abelian.
Proof. Directly follows from the above exercise. m]
Exercise 11.17. Let G be a finite group. Show that G is nilpotent if and only if xy = yx whenever x, y have relatively prime orders.

Proof. Let G be a finite group, and let Py, Py, P3, ..., P, be the Sylow subgroups of G corresponding to different prime
divisors of |G|?’. Then note that p1p» = pap1 for any p1 € Py, pa € Py, because they have relatively prime orders, and thus
P1P; = P,Pq, implying that P1P; is a subgroup of G. We can similarly extend this to show that P1P,P3---P, < G. But
|P1PyP5 - -+ P;| = |G|, and thus P1P,P; - - - P, = G. From here, it’s easy to see that’!

P1XP2X-"XPVEP1P2-"P7=G

The P;’s being p-groups are nilpotent, and thus G, being isomorphic to a direct product of nilpotent groups, is nilpotent
too.

Conversely, if G is a finite nilpotent group, then it is isomorphic (say, through ¢) to the direct product of its Sylow
subgroups. Let ¢(x) = (x1, x2,...,x,) and (y) = (y1, Y2, ..., yr) for some x, y € G respectively, where we have r distinct
prime divisors of G, denoted by {pi}i1<i<,. If ged(o(x),0(y)) = 1, then note that we can’t have x; # 1,y; # 1 for any
index 1 < i < r, because otherwise pi|0(x), pi|o(y). Consequently, in the multiplication of the tuples (x1, x2, ..., x,) and
(y1, Y2, - -, yr), since for each i one of the multiplicands is always 1, the multiplication of the tuples commute, and thus
xy = yx holds when we map back our isomorphism (through ¢~!) from tuples to members of G. m]

2if |G| has only one prime divisor, then it's a p-group and thus nilpotent

30Note that since the P;’s have mutually coprime orders, |P;iPj| = |Pi| - |Pj|

3lone may verify that the group operation for P; X P, X P3 X --- X P, holds due to members from different Sylow subgroups commuting with each
other in P1P>P3--- P,
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Exercise 11.18. Prove that a finite group G is nilpotent iff for any o, B € G such that ged(o(a), 0(B)) = 1, o(aB) = o(a)o(p).

Proof. If G is a finite nilpotent group, then similar to the above proof, o(af) = o(a)o(B) for elements a, f of co-prime
orders.

Conversely, if the order is a multiplicative function for elements of co-prime order, then consider the group P := P1P; - -- P,
where P; are Sylow subgroups of G corresponding to different prime divisors. If P > ajaz...a, = aja;...a;, then
a1y ... Qp_q = aia; ... a;a,‘l. If a;a,‘l # 1, then the RHS has order divisible by p,, while the LHS doesn’t leading to a
contradiction. Thus a; = a] for all i € [r], and thus |P1P...P,| = |P1| - |Po|---|P| = G = P1P;...P, and we finish as
above. O

Exercise 11.19. Provide an example for a group G and a normal subgroup N < G such that N and G/N are nilpotent, but G isn't.
Proof. Let G = S3, N = Uz: G clearly isn't nilpotent, while N = Z3 and G/N = Z, are nilpotent. O
Exercise 11.20. Any group G is nilpotent if and only if G/Z(G) is nilpotent.

Proof. We prove the following more general claim:

Let G be a group and let N < Z(G) < G be a central subgroup of G*. Then G is nilpotent if and only if G/N is.

The assertion immediately follows by choosing N = Z(G) in the above claim.

Let G/N benilpotent,let G = Go 2 G1 2 G2 2 ... be the lower central series of G, and let  be the projection epimorphism
from G to G/N. Then its easy to see that G} := 71(G;) gives one the lower central series for G/N. In particular, since G/N
is nilpotent, G;, = 1 for some n. For that n, M := G,, C n-1(1) = N. But note that G,41 = [G, G,] = [G, M] = 1 since M
being a subgroup of N is also central, and thus it’s commutator with G is 1.

Conversely, if G is nilpotent, then G/N is nilpotent too, since nilpotency is preserved across quotients. m]

Exercise 11.21. Let G be a finite group, M and N two nilpotent normal subgroups such that G = MN. Prove that G is nilpotent.

Proof. We'll show that G is nilpotent by showing all it’s Sylow subgroups are unique. To that end, let P be any p-Sylow
subgroup of G. Define Py := PN M, Py := P N N. From the Sylow theory exercises, we know that Py; and Py are the
p-Sylow subgroups of M and N respectively. Furthermore, since M and N are nilpotent, Py; and Py are the unique
p-Sylow subgroups of M and N.

Also note that M N N < G: Indeed, let H := M NN, then x 'Hx € x'"Mx = M,x 'Hx € x'Nx =N = x'Hx e
MNN =H Vx € G. Thus Py := PN H is a p-Sylow subgroup of H. Finally, also note that Py = PN (M N N) =
(PNM)N(PNN)=PynPy.

Now, from the concatenation of groups formula, we have that

|M] -|N]|
M NN

= vp(IP]) = vp(|1Pml) + vp(IPN]) = vp (| Prl)

|Gl =|MN| = = vp(IG]) = vp(IM]) + v, (IN]) = v, (|H])

putalso (Pul - Pl _ [Pl P
Ml - IPN Ml - IPN
Py Pn| = =
[PaPyl |Pm 0 Pyl | Pyl
= vp(IPmPN|) = vp(IPml) + vp(IPnI) = vp(|PH|)

Thus v,(|P|) = vp(|PuPNn|]) = |P| = |PmPn|, since |P| and [Py Pn| are just powers of p. But since Py, Py < P,
PumPn € P, and thus we have that PPy = P. But since Py and Py were unique, that means P is also unique, since it is
uniquely determined by the product Py Py. m|

32note that any subgroup of Z(G) is automatically normal in G. Since Z(G) is abelian, so is N, and thus N is nilpotent too
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Exercise 11.22. Let G be a nilpotent group and N any nontrivial normal subgroup of G. Show that Z(G) NN # 1.

Proof. Consider the lower central series {G;} of G. Since this is a series which decreases to 1, there exists an index k such
that Gy NN #1,Gr 1 NN =1,
Now, note that showing that H < Z(G) for some H < G is equivalent to demonstrating that [H, G] = 1. To that end,

[GkNN,G] C [Gk,G]N[N,G]=Gk;1NN =1
Thus 1 # Gx NN C Z(G), showing that Z(G) N N # 1. O

Exercise 11.23. Suppose that G is a nonabelian finite group and that intersections of distinct maximal subgroups is trivial. Then G
is not simple.

Proof. Assume for the sake of contradiction the contrary. Also define n :=|G|.

Let M be a maximal subgroup of G* of size m. Since G is simple, Ng(M) = M. Now note that M has n/|Ng(M)| = n/m
conjugate subgroups in G, all of which are also maximal. Since all maximal subgroups intersect trivially, the conjugate
subgroups of M (including M) contain among themselves k := 1+ (m — 1) - n/m elements. But since n > m > 2,
n >k >1+n/2. Since k < n, the conjugate subgroups of M don’t cover G, implying 315 # a € G which doesn’t lie
in any conjugate of M. Since (a) is a proper subgroup of G, a lies in some maximal subgroup of G, say A. Then all
conjugates of A too span atleast 1 + 1/2 elements, and none of these elements except 1¢ lie in any conjugate of M, since
all maximal subgroups intersect trivially. But then together, we then have 2(1 +n/2) —1 > n distinct elements in G, which
is impossible. m|

Exercise 11.24. Finite non-nilpotent group G whose every proper subgroup is nilpotent implies G isn’t simple.

Proof. Assume the contrary, ie:- G is a finite non-nilpotent simple group whose every proper subgroup is nilpotent. Let
Z be the set of all subgroups of G which are the intersections of maximal subgroups of G. Let H := L N M be maximal in
# ,where L, M are maximal in G. Since normalizers grow in nilpotent groups, L > Ni(H) > H. But since H was maximal
in %, Nr(H) is not contained in any other maximal subgroup of G. Similarly, Ny (H) too is only contained in M. But
Ng(H) = Ni(H), Ny(H). Thus Ng(H) = G, implying that H = 1 since G is simple. But that means that every subgroup
in # is 1, which means all maximal subgroups intersect trivially in G. But that is a contradiction. m]

Exercise 11.25. Let G be a finite group whose every proper subgroup is nilpotent. Then G is solvable.

Proof. If G is nilpotent, then it’s obviously solvable. Otherwise, if G is non-nilpotent, then G isn’t simple by the previous
exercise. Let N be the maximal normal subgroup of G. Then G/N is a simple group, since otherwise a proper
normal subgroup of G/N would have corresponded to a strictly larger normal subgroup of G containing N by the
third isomorphism theorem. Moreover, since nilpotency is preserved across quotients, every proper subgroup of G/N
is nilpotent. Since G/N is a simple group every proper subgroup of which is nilpotent, G/N is itself nilpotent by the
previous exercise. Since G/N is a finite nilpotent group, every Sylow subgroup of G/N is normal. Thus G/N has to have
a prime order if it is to be simple, and thus G/N is cyclic. . .(incomplete proof) m]

12 Rings, Fields and Ideals

Exercise 12.1. Give a nontrivial example of two rings A, B and a map f : A — B that is a homomorphism of additive groups,
respects multiplications but does not take 14 fo 1p.

331f G has atleast one proper subgroup, then G must have a maximal subgroup since it’s finite. If 7 is divisible by atleast 2 primes, then the Sylow
subgroups are proper subgroups. If G is a p-group, then it has a subgroup of size p, which is proper, since n > p since groups of prime size are abelian
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Proof. Consider the ring A = Z2. Consider the map ¢t : A+ A : (a,b) — (a,0). ¢ clearly preserves operations but doesn’t
send (1,1) to (1, 1). O

Exercise 12.2. Let R be any ring. If x> = x for all x € R, show that R is commutative.

Proof. Let x, y be arbitrary elements of R. Then x> = x, y> = y, (x + y)> = x + y. But
x+y=(x+yP=xt+xy+yx+yi=x+xy+yx+y
from which we have xy + yx = 0. Thus
0= x(xy + yx) = ¥’y + XYX = XY + Xyx = Xyx + xy

0= (xy + yx)x = xyx + yx* = xyx + yx
This gives us xy = yx, as desired. m]

Exercise 12.3. Let p be an odd prime. Let

(Sl IENY
Il

~ =

i g A
=

be the reduced fraction. Show that:
1. p\a.
2. Ifp > 3, p?a.

Proof. Consider £ = a/b € Q. Note that there exists a field epimorphism from ¢ : Q > F, : a/b > ab™!, where ker(¢p)
is the set of all rational numbers, whose numerators, in their reduced forms are divisible by p. Thus showing ¢(¢) = 0
suffices to show the first part, and similarly, we can consider the epimorphism ¢ : Q — F, to show the second part.

Since F, is a field, {k™' : k € [p — 1]} = [p - 1]. Thus

k=1 1

p-1 p-1
p(0)=> ok =g ( k) = ¢((p-1p/2)=0
k=

as desired. Furthermore,

k=1 k=1

p-1 (p-1)/2 1 1 (p-1)/2
ED( k_l)zlP(Z (%Jfﬂ) ZED(P >, (k(P—k))_l)
(p-1)/2 (p-1)/2
= (—p k‘z) =y (—p kz) = ¢ (-p*(p-1D(p-2)/6) =0

k=1

Exercise 12.4. Let k be a field, and let G be a finite subgroup of (k*, -). Prove that G is cyclic.
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Proof. G is a finite abelian group, and we know that finite abelian groups are closed under lems of orders, ie:-if x, v € G,
then 3z € G such that o(z) = lem(o(x),0(y)). Extending this to all elements in G, we get that 3g € G such that
0(g) = lemyeg(o(x)), ie: x°®) =1 for all x € G, ie:- the polynomial p(x) := x°8) — 1 has n roots in G. Note that
o(g)ln = o(g) < n.

Now, we know that for any p(x) € k[x] such that all roots of p(x) are distinct °*, p(x) has atmost deg(p) roots in k. Thus
x°(® — 1 has atmost 0(g) roots in G, and thus 1 < 0(g) = o(g) = n. Consequently ¢ is a generator of G, showing that
G is cyclic. o

t34

Exercise 12.5. Let I be a two-sided ideal of a ring A. Prove that there is a natural one-one correspondence between two-sided ideals
of A/l and two-sided ideals of A containing I. Here proper ideals correspond to proper ideals.

Proof. Let & be the set of ideals of A containing I, and let & be the set of ideals of A/I. Consider the maps
f:€—=D:f(J)={a+]:a€e]}

D C:f(J)={a:a+1eTJ}
For J € 9,
(fogdI)={a+1:aegI)}={a+l:a+1eT}=9

while for | € €,
(gof))={a:a+lef()}={a:a+I=b+L,be]}={a:acb+I,be]}
But
aeb+] = a-belC] = a=b+],be] = a€]

Thus{a:aeb+1,be]} =], and thus (g o f)(J) =]. Since f has a both sided inverse g, f is a bijection between € and
2, as desired. That f takes proper ideals to proper ideals is clear. m]

Exercise 12.6. Let k be a field. Prove that 0 is the only two-sided proper ideal of M,,(k), but M,,(k) is not a division ring for n > 2.

Proof. M, (k)isn't a division ring, as is witnessed by the fact that for

0 # A= (aij)nxn, a11 = 1, ajj = 0 otherwise,
0 # B := (bij)nxn, b2o = 1, bij = 0 otherwise,

we have AB = BA = 0, and thus M, (k) has zero divisors for n > 2.

Let m be a non-zero proper maximal ideal of M, (k). If there is any invertible matrix P in m, then we’re done, since
P7l.Pem = 1em = M,(k) € m, violating the properness of m.

Thus let x € m be a non-zero non-invertible matrix in M, (k). Note that the following operations can be achieved by
left/right multiplication of suitable matrices:

1. Gauss Jordan Elimination to bring matrix to Reduced Row Echelon Form (Note that here we use the fact that k is a
field: For RREF to be calculated, it’s necessary that every non-zero element has an inverse)

2. Permutation of rows or columns

34one can verify, say through the formal derivative, that all roots of p(x) := x¢ — 1 are distinct
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Consequently, if rank(x) = ¢ € (0, n), then by applying Gauss Jordan elimination and the permutation matrix, we’'ve the
truncated identity i; € m, where iy is just the n X n identity matrix whose bottom most n — ¢ entries have been set to 0.
Now let g be a permutation matrix which swaps the 1% and (¢ + 1) columns, while ¢ is a matrix whose only non-zero
entry is the first entry of the (¢ + 1) row, which is set to 1. Then ci;q is a matrix in m whose only non-zero entry is the
(¢ +1,¢+1) coordinate, which is 1. Then iy + ci¢g = ip+1 € m, and similarly, by induction, i, =1 € m = m = M,(k),
thus violating properness once again. m|

Exercise 12.7. Let R be any ring, and let S be an ideal of M, (R). Show that there exists an ideal | of R such that S = M,(]).
Conclude that there’s a natural correspondence between the ideals of R and M, (R).

Proof. For any i, j € [n], define
]ij = {Ml']' M e S}

Then J;; is an ideal. Indeed, define the standard matrix E,, to be the matrix whose (x, y)th entry is 1, and all other entries
are 0. Then rE,,S C S since S is an ideal. But the (i, j)th entries of 7E,, S are rJ;j, and thus rJ;; C J;; for any r € R, showing
that J;; is an ideal.

We also claim that [;; = Ji; for any 4 (not necessarily distinct) 7, j, k, [ € [n]. Indeed let P be the matrix which permutes
the it and k'™ rows, while let Q j1 be the matrix which permutes the j and ™ columns. Then P;,SQ j1 € S implies that
Jij = Jxi-

Then we can drop the subscripts and just define ] to be the set of entries of S, and we know that | is an ideal, and moreover,
S = Mu(]).

Finally, it's obvious that if J; # J, are distinct ideals, then M, (J;) # M,(J). Consequently, there exists a natural
correspondence between the ideals of R and the ideals of M, (R). Note that this result immediately implies the previous
one: Since the only ideals of a field are the zero ideal and itself, the only proper ideal of M, (k) then must be the zero
ideal. O

Exercise 12.8. Let R be a ring such that it’s only left ideals are (0) and R. Show that either R must be a division ring, or |R| = p for
some prime p and R? = {0}.

Proof. If R?* = {0}, any subgroup of (R, +,0) is a left ideal of R%. Since R has only the trivial left ideals, it means that
(R, +,0) must be a simple abelian group, and we know that simple abelian groups are finite groups with prime orders,
and thus [R| = p.
Thus assume R? # {0}. Now note that

I:={x:Rx =0}

is a left ideal of R. Since R*> # 0 = I # R, we have that I = 0. But also note that for any a € R \ {0}, Ra is also a left
ideal of R, and thus Ra = R. But Ra = R implies that 3b # 0 such that ba = 1. Similarly, 3¢ # 0 such that cb = 1. But

cb=1 = (ch)Ja=a = c(ba)=a = c=a

ie:- a and b are both sided inverses of each other.
Since every element x € R \ {0} has a both sided inverse, R must be a division ring. O

Exercise 12.9. Let X be a compact Hausdorff topological space. Prove that x — my := ker(evy) is a bijection between X and the set
of maximal ideals of Cr(X) = {continuous f : X — R}.

35n fact since R> = 0, ab = 0 = ba for all a,b € R, implying R is commutative, and thus any left ideal is actually a two-sided ideal
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Proof. Let m be any proper maximal ideal of Cr(X), and define

z(m) = () F({0})

fem
Assume for the sake of contradiction that Z(m) = (. Then note that

{fT®R\{0}): fem}

is an open cover of X. Since X is compact, there exists a finite subset of m, say 1, such that { f"}(R \ {0}) : f € n} is also
an open cover of X. Then consider
g(x):= > fx)?
fen

Note that g is non-zero everywhere on X, and thus 1/g € Cr(X), whichimplies (1/g)-gem = lem = m = Cr(X),
thus violating the properness of m.

Also note that compact + Hausdorff implies normal, which means for any two points x,y € X one can find disjoint
neighborhoods Vi, V,, of those points *. Then by Urysohn’s lemma, there exists a continuous function f such that
f(x) =0, f(y) # 0. This function f immediately demonstrates that m, # m, for x # y, and thus given any maximal ideal,
we can uniquely identify it as m, for some unique x € X.

Finally, for each z € Z(m) we have m C m;. Thus by the maximality, m = m; (and, in particular, Z(m) is a singleton). O

Aliter. We shall give another closely related way of calculating an open cover. Let m be a proper maximal ideal which
isn’t of the form my for any x € X. Then for every x € X, we have a function f, € m such that f.(x) # 0. Since f is
continuous, there exists a neighborhood37 Uy, of x such that f; # 0 on U,. Then {U, : x € X} is an open cover of X. After
this point the rest of the proof is exactly as above. m]

Exercise 12.10. Let A be the set of complex 2 X 2 matrices of the form (_Z% %U) Note that A is the set of all hermitian matrices of
order 2 whose trace is real.

1. Show that A is a subring of M»(C).

2. Show that A is a division ring.

3. Show that this is a quaternion algebra over R i.e. there are elements i,j,k € A such that 1,i,],k is a basis of A, and
i2=j2=k?=-1,ij =k = —ji, jk =i = —kj, ki = j = —ik. What is the relation with Pauli matrices?

Proof. The proofs go as follows:
1. The ring axioms are readily verified for A.
) ( 21 uﬂ)( 22 Ziz) _ (Z1Zz—w1w_z 2wy + i) _
—w1 Z1 —wy Z2 . .
- Z1Zp — wlw_z =0,z1wy + wlz =0

If wy = 0, then z; # 0 since otherwise the left multiplicand matrix will become zero. But then z; = 0, w, = 0. If,
wy # 0, then wy = Z1z;/w;. Substituting this in the second relation yields L(ziP+|w]?) =0 = z,=0 =
Wy = 0.

Thus A has no zero divisors, and is a division ring.

%x ¢ Vyr y &V
% open set
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3. Leta € A. Solving for a? = —1 yields g2 + y% + 6> = 1, where a is generated by z = a + 1, w = y + (5. Putting 8,7,
to be 1 each %%, we get our i, j, k to be
_(ro0) (0 1) (0
S (VRS K B ] K VAN

These matrices are ¢ times the Pauli matrices.
It’s easy to see that A is a real vector space spanned by the basis {1, 1, j, k}.

Henceforward assume all rings are commutative unless otherwise stated.
Exercise 12.11. Every maximal ideal is a prime ideal.

Proof. Let I be a maximal ideal of the ring R, and let ab € I. If a € I, we’re done. Thus assume a ¢ I. Then note that
J :=I+aRis anideal of R which strictly contains I, since a € J. Since I is maximal, [ + aR = R. In particular 3i € I,r € R
such that 1 = i + ar. But then

l=i4+ar = b=bi+bar=bi+abrel+IC] — bel

Thus if ab € I, then either a or b is in I, and thus [ is prime. O
Exercise 12.12. The ideal pR is prime if p is a prime.

Proof. If p is prime, and ab € pR, then ab = pr for some r € R, implying p divides ab, and thus p divides a or p divides b,
since p is a prime. But that means that either a or b is in pR, and thus pR is a prime ideal. ]

Exercise 12.13. An ideal pR in a PID R is prime iff p is.

Proof. The backward implication is shown by the previous exercise.
If pR is a prime ideal, then
plab & abe pR = aepRorb e pR  plaorp|p

showing that p is a prime. m]
Exercise 12.14. If A is a PID, show that an ideal is prime if and only if it is maximal.

Proof. It suffices to show that every prime ideal is maximal, since the converse holds for any ring. Thus assume for the
sake of contradiction that there is an ideal pR of a PID R such that pR is prime but not maximal. Then pR is strictly
contained in some maximal ideal, say aR. In particular, we have that p = ar for some r € R. Note that since pR is prime,
p is a prime. But then

p=ar = p|ar = p|a or p|r

But p|r = p=apr’ = ar’=1 = aR = R. Thus pla = ris a unit. But then aR = prR = pR, yielding a
contradiction. o

Exercise 12.15. Show that the additive group Q has no maximal subgroup.

Bsubstituting —1 just yields the negative of these matrices
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Proof. We shall show that for any proper subgroup G of Q, we have a larger proper subgroup H which strictly contains
G.

Let G be a proper subgroup of Q. Let x ¢ G be a rational number, and consider any non-zero y in G *°, and let x/y = a/b
be in the reduced form. Define H := G + (x) < Q. We shall show that H # Q by showing that x/b ¢ H. Indeed,

%EH = %=g+nx,geG = x=bg+bnx=0bg+nayeG

yields a contradiction. ]

Exercise 12.16. Every nonzero ring A has a maximal ideal. Further show that every proper ideal 1 is contained in some proper
maximal ideal of A.

Proof. Take the set S of all proper ideals in A. With containment, S is a poset. Every chain in S is bounded above: Indeed,
let C be a chain in S and let a be the union of all ideals in C. Then a is a proper ideal which upper bounds C*’. By Zorn’s
lemma, S has a maximal element.

For the second part, take the set Sj of all proper ideals in A containing I. Then S; has a maximal element M by a similar
argument as above, and M is a maximal element of S too, since any ideal greater than M would contain I and hence be a
part of S;, contradicting M’s maximality in S;. Thus M is a maximal ideal containing I. m]

Exercise 12.17. Show that PIDs are UFDs.

Proof. Note that once we establish factorization, uniqueness follows from results stated in class. Consider any non-unit
a € R, where R is a PID. If a2 isn’t prime, then the ideal aR isn't prime, and thus isn't maximal. Consequently, aR C pR
for some prime p. But then a = pr for some r € R. We can then further factorize r, and so on. If the process terminates,
then we have obtained a factorization for a. Assume for the sake of contradiction that it doesn’t. Then we have an infinite
chain of ideals (a) C (r) C (r1) C .. .. The union of these ideals is also an ideal, and by properties of a PID, it’s of the form
(b) > b. But that means some ideal of the chain contained b, and thus (b), and consequently that ideal was (b). Since (b) is
an upper bound of this chain, it means that the chain terminated after (), which contradicts it’s infiniteness.

Thus every element can be factorized, and thus a PID is a UFD. m]

Exercise 12.18. Every non-zero ring has a minimal prime ideal.

Proof. Zorn’s lemma can be “inverted”. Thus take the set of all prime ideals, take the intersection of a decreasing chain
of prime ideals. It is still a prime ideal and thus by Zorn’s lemma there exists a minimal prime ideal. m|

Exercise 12.19. Show that if k is a field, then for n > 2, k[ X1, ..., X,] is not a principal ideal domain.

Proof. Consider theideal I = (X1, Xa, ..., Xy) :={2; Xipi, pi € k[X1, ..., Xul}. If I were principal,ie--I=(f) = f el
Since f = }}; X;fi is non-zero, WLOG assume that f; # 0. Since X, € I, we have that X, = fp for some p € k[X;,..., X, ].
But note that there exists a natural isomorphism b/w k[Xi, ..., X,] and k[X>, ..., X, ][X1], and thus interpret X, f, p to
be elements of k[X», ..., X,;][X1]. Then deg(X;) = 0, while deg(f) > 1 = deg(fp) > 1, leading to a contradiction. O

Exercise 12.20. Define the derivative f'(X) of a polynomial f(X) = ag+a1X +---+a, X" as f'(X) = a1 +2a2X +3a3X> +--- +
na, X"~1. Prove that if f(X) € Q[X], then f(X) is divisible by the square of a nonconstant polynomial if and only if f(X) and f’(X)
have a gcd d(X) of positive degree.

Exercise 12.21. Prove that 2x° — 4x3 — 3 is irreducible over rational numbers.

3if H is the trivial subgroup then the result follows trivially
404 is a proper ideal: AFTSOC it wasn't. Thena=R = 1€ a = some ideal in our chain contained 1 = the ideal wasn’t proper; contradiction
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Proof. Assume for the sake of contradiction that f(x) := 2x° — 4x% — 3 is reducible in Q[x], ie:-

f(x)=gx)h(x), g, h € Q[x]

But if f(x) = g(x)h(x), then the same identity holds after replacing x by x~'. Thus inverting x and multiplying x> on
both sides yields that the polynomial —3x° — 4x2 + 2 is reducible in Q[x] too, which is a contradiction by Eisenstein’s
criterion. |

Exercise 12.22. Let R be a commutative ring. Define its nilradical to be
Nrg:={r:r"=0,neN,r e R}
Prove that the nilradical is an ideal.

Proof. If a € M then a” = 0 for some 1, and thus (a - x)" = a"x" =0, ie:- & - x € N for any x € R. Also, if o, § € N are such
that a" = ™ = 0, then note that (a + )"*"~! = 0, since every term in it either has atleast n a’s or m f’s, and thus % is
closed under addition.

Consequently, 9t is an ideal of R, also known as the nilradical of R. O

Exercise 12.23 (The Nilradical Theorem). Let R be a commutative ring. Prove that

N = ﬂ P

p prime ideal

Proof. Let a € R be any element which is not nilpotent. Define A, := {a" : n > 0}. Then1 € A,,0 ¢ A,. Define the set J,
of ideals of R to be
p={I:INA, =0}

Then J, is a poset under inclusion*!, and by a typical application of Zorn’s lemma it has a maximal element, say
M,. We claim that M, is a prime ideal: Indeed, assume for the sake of contradiction it wasn’t. Then 3x, y such that

xy € My, x,y ¢ M,. Then note that the ideal M, + xR strictly contains M,, and thus
M,+xR¢ 9, = (My,+xR)NA, #0 = m+xr=al
for some m € M,,r € R and j. Similarly, for some m’, v’ and j’ we have m’ + yr’ = a/’, and thus
A3 al*T = (m+xr)m’ +yr') = (mm’ + xrm’ + yr'm + rr'xy) € M,

leading to a contradiction.
Thus

N2 ﬂ M, 2 ﬂ P

a not nilpotent p prime ideal

Now let @ € 9 be any arbitrary element such that " = 0, and let p be any prime ideal, and let m be the least exponent
such that ™ € p*2. Thenif m > 1, a-a™ '€ p = a € por a™! € p, contradicting minimality of m. Thus

aep = NCp = NC ﬂ p

p prime ideal

#3ls0 note that since 1 € A, every ideal in ), is a proper ideal
42note that m < n, since a” =0 € p
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and consequently

N = ﬂ P

p prime ideal

O
Exercise 12.24. Let I be any ideal of a commutative ring. Define
Vi:i={r:r"el,reR,neN}
Prove that
- )
ICp; p prime ideal
Proof. The above proof carries over verbatim. o
Exercise 12.25. Let R be a commutative ring, and let a € N. Then prove that (u + a) € R*, for any u € R*.
Proof. Since u € R*, let uv = 1. Also, let a" = 0. Then it’s easy to verify that
n-1
(u+a)- (v Z(—va)k) =1
k=0
o

Exercise 12.26. Suppose R is a commutative ring. Prove that a polynomial ag + a1 X + - - -+ a, X" € R[X] has an inverse in R[X]
(i.e. is a unit in R[X]) if and only if ag is a unit in R and ay, ..., a, are nilpotent elements in R. [An element b of a ring R is
nilpotent if b" = 0 for some positive integer n.]

Proof. If anon-constant f(X)is such thatagisa unit*® and {a;}1<;<, areall nilpotent, thensois ;51 4;X "and consequently
f(X) =ag + Xis1a: X' € R[X]* by the previous exercise.

For the converse, let p be any prime ideal of R*. Let D = R/p.Then since homomorphisms preserve the identity,
f(X) € RIX]* = f(X) € D[X]*. But we know that since p is a prime ideal, D is an integral domain, and there are

no non-constant invertible polynomials over an integral domain. Thus f(X) is constant in D[X], and thus all coefficients
of f(X) except for ag belong to p, ie:- a; € p for all i > 1. Since p was an arbitrarily chosen prime ideal, we thus have
that a; € [, prime ideal P- Thus, by the nilradical theorem a; € 9 for all i > 1, ie:- all coefficients of f(X) apart from ag are
nilpotent, as desired.

Note:- The above proof carries over as it is for multivariate polynomials, ie:- f € R[X1, X, ..., X,,|* iff the constant term
of f is a unit of R and all other coefficients are nilpotent. m]

Exercise 12.27. Suppose R is a commutative ring. Prove that a polynomial is nilpotent in R[X] iff all of it’s coefficients are nilpotent.

Proof. 1f all coefficients are nilpotent, then the polynomial too is nilpotent since the inclusion R < R[X] preserves

nilpotency.

To prove the converse direction, we use induction: The result is clear for degree 0 polynomials. Assume the result is true

for all nilpotent polynomials of degree atmost 1 — 1. Let f(X) be a nilpotent polynomial of degree 7, ie:- f(X)* = 0 for some

k. If [X"]f(X) = a,, then [X"¥] f(X) = ak = 0, and thus a,, is nilpotent. But since Ng(x] is an ideal, f(X)—a, X" is nilpotent

too. But deg(f(X) — a,X") < n, and thus all the remaining coefficients are nilpotent by the induction hypothesis. O
3

a unit of R is also a unit of R[X]
44R has atleast one prime ideal, since all maximal ideals are prime and every non-zero ring has a maximal ideal by Zorn’s lemma

31



Exercise 12.28. A polynomial is nilpotent in R[X1, X, ..., X, ] iff all of its coefficients are nilpotent.

Proof. The backward direction is clear.
For the forward direction, note that since R[Xj, Xa, ..., Xu] = R[Xo, ..., Xx][X1], all coefficients of a polynomial f €
R[X1,Xa, ..., X,] arenilpotent in R[Xj, ..., X, ]. Stripping away variables like this, we arrive at our conclusion. |

Exercise 12.29. Suppose R is a commutative ring and let f(X) € Ng[x) \ {0}. Prove that 3b € R \ {0} such that bf(X) = 0.

Proof. Let f(X) = X1, a;X',and let g(X) = Z}":O b]-Xf be a polynomial of the minimum degree m such that f(X)g(X) = 0.
Assume for the sake of contradiction that m > 0. Then

bf(X)#0 = 3i bya; #0 = a;9(X) #0

Let £ be the maximum index such that a4,¢(X) # 0. Note that

!
g(X) Y aiX' =0 = bua;=0 = deg(arg(X)) < deg(g(X))
i=0

thus contradicting the minimality of the degree of g. m]

Exercise 12.30. Let I be an ideal of R[X1, X5, ..., Xq4] such that 3g € R[X1,Xa, ..., X4] such that gI = (0). Then bl = (0) for
someb € R\ {0}.

Proof. See the solution /iere. m]

Exercise 12.31 (Universal property of quotient rings). Let R be a ring and I any two-sided ideal. Let S be another ring and let
f + R — S be any ring homomorphism. Let 1t : R — R/I be the projection to the quotient ring. Then the following are equivalent.

1. I C kerf.

2. There is a ring homomorphism f : R/I — S such that f = f o m.
In this situation, the homomorphism f is unique.
Proof. Done in class. ]
Exercise 12.32. R[X]/(X? + 1) = C as rings.

Proof. R[X]/(X? + 1) can be preceived as the ring of all linear polynomials {aX + b}, with their multiplication being
defined after zeroing out X? + 1, ie:-

(@aX +b)(a’X +b") =aa’X?+ (ab’ + a’b)X + bb’ = (bb’ — aa’) + (ab’ + a’b)X
It’s now clear that sending X — 1,1 — 1induces an isomorphism between R[X]/(X? + 1) and C. O

Exercise 12.33 (Chinese remainder theorem). Let R be any ring and let 11, . . ., I, be two-sided ideals. Show thatI =1 N---N 1,
is a two-sided ideal. Consider the ring homomorphism f : R/I — [17_, R/I;, defined by f(a +1) =(a+11,...,a + I,). Show that
it is injective. Further, show that f is surjective if and only if the ideals I; are pairwise comaximal i.e. fori # j, I; + I; = R.
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Proof. That f is a ring monomorphism is clear. We shall now establish f’s surjectivity given pairwise comaximality.
Consider indices i, j, k such that I; + I; = R, I; + Iy = R. Then we have a;, &} € I;, aj € Ij, ax € Ix such that a; + a; =
1,a} + ax = 1 implying

(@i +aj)(a;+ay) =1 = aja] + aja) + ajap + ajag =1
——
el; EI/'ﬂIk

ie:- [; + I; N Iy = R. Thus we can simplify the pairwise co-maximality condition to I; + ) iz li=R for all i. Consequently,

for every i there exists a; € I;, m; € ﬂj# Ijsuchthatm; +a; =1 = m; € 1 +1;. Now forany p = (a1 +I1,...,a, +I,) €
? 1 R/I;, we have that for a := }}; mja;, f(a + 1) = p, ie:- f is surjecti_ve. B B ~

Conversely, if f is surjective, there exists a € R such that f(a +1) =(0,...,1,...,0), where the ith entry is 1, for any i, ie:-

da € ﬂjii lj,a+li=1+1; = da;eliat+a; =1 = [+ ﬂj# I; = R, ie:- I; is pairwise comaximal with all other

ideals. O

Exercise 12.34. Z[X] is not a pid.

Proof. Consider the ideal I := (X — 2, X? — 2). Note that if p € I, then 2|p(0).

If Z[X] was a PID, then I would be a principal ideal, say (f). Then f |(X -2), f |(X2 — 2). Note that since Z is a UFD, so is
Z[X], and thus a notion of gcd is consistently defined (upto units). It's easy to see that gcd(X — 2, X? —2) ~ 1*°, and thus
f is a unit, and consequently, (f) = Z[X]. But X + 1 € Z[X], X + 1 ¢ I, leading to a contradiction. O

Aliter. We know that X is a prime element in Z[X]. Had Z[X] been a PID, then (X) would be a prime ideal and hence a
maximal ideal, and consequently Z[X]/(X) = Z would have been a field, leading to a contradiction. O

Exercise 12.35. Let R = Z[v—n], where n > 3 is a square-free integer.
1. Prove that 2,/—n, 1 + \/—n are irreducibles in R.
2. Prove that R is not a UFD.
3. Produce a non-principal ideal in R.

Proof. For z = x + y\/—n € R, define N(z) = |z|? = x? + ny>.

1. Note that 2 = p1p» = 4 = N(p1)N(p2), and thus Im(p;) = Im(p2) = 0. Thus pi,p2 are integral, and the
irreducibility of 2 follows then.
If V=1 = p1ip» = n = N(p1)N(p2). If either p; or p, has an imaginary component, then their norm is atleast #,
and then the other must have unit norm (and thus be a unit). If both p; and p; are real, then p1p, must be real,
which isn’t possible.
A similar logic as above holds for 1 + v=n = p1po = 1+ n = N(p1)N(p2). If either p; or p, have both real and
imaginary components, then N(p1) > n + 1. If any of them is purely imaginary, then their norm must be n. But
n { (n +1) for n > 3. Thus p1, p2 are real (integral), which isn't possible because p1p> ¢ R.

2. Assume for the sake of contradiction that R is a UFD. Then 2 is a prime since irreducibles and primes are the
same in a UFD. If n is even, then 2| - n = (\=n)%, but 2 ¥ \=n, and thus 2 is not a prime. If n is odd, then

2|1 +n=(1++-n)1—-+-n),but24 (1++-n),and thus 2 isn't a prime again, leading to a contradiction.

We say a ~ b if a = bu for some unit u

33



3. In general, for any integral domain R, let p be a non-prime irreducible in R, and let p|ab be suchthatp {a,p 1 b, ie:-
a, b are witnesses to the non-primality of p. Then consider the ideal I := (p, a). If I is principal, ie;- I = (x), then x|p.
If xisaunit, then (x) =R = (p,a) =R = ap+Pa=1 = b =bap+baf = p|b, leading to a contradiction.
Thus x must be an associate of p. But since (x) = (p,a) = x|a = p|a, once again a contradiction.

Thus in our context, if 7 is even, then (2,y/-n) is a non-principal ideal, while if 7 is odd, then (2,1 + v/-n) is a
non-principal ideal.

O

Exercise 12.36. Let Ay, ..., A, be rings and let A = []}_, A;. Prove that the two-sided ideal of A are precisely the ideals of the form
I X -+« X I,, where 1 is an ideal of A;.

Proof. The proof is clear enough. m|
Exercise 12.37. If R and S are rings, prove that R X S can’t be a field.
Proof. (0) X S is a non-zero proper ideal of R X S. o

Exercise 12.38. Let k be a commutative ring and let G be a finite group. Prove that k[G] = {Xgec agg} becomes a k-algebra under
operations defined as follows:

1. Zg agg"'Zgbgg:Zg(ﬂg"‘bg)g,
2. (Zg ﬂgg)*(zg bgg) = ZgEG(Zst:g asbt)g/
3. 0=0clg, 1=1lc.

Exercise 12.39. Let k be a commutative ring and let k[[Xa, . .., X,,]] be the set of formal (possibly infinite) sums of the form };; arX!,

where the sum is over all multi-indices I = (i1, ..., i) € N, and X! = xil -« x,". Put natural addition and multiplications on this
set and show that it becomes a k-algebra in a natural way.

Exercise 12.40. Let R be a commutative ring in which every prime ideal is principal. Prove that R is a PID.

Proof. Assume for the sake of contradiction that R isnot a PID. Let S be the set of non-principal ideals. Since R isn'ta PID,
S is non-empty. By a standard Zorn’s lemma argument, S has a maximal element M. Clearly M can't be principal, and
hence M is not prime, since all prime ideals are principal in R. Thus there exist 4,b € R such thatab € M,a ¢ M,b ¢ M.
Define M, := (M, a), My := (M, b),N :={r € R: rM, € M}. Since M & M,, M, is a principal ideal, say («). Moreover,
if My > my =m +br,m e M, then myM, = (m + br)M, = (m + br)(M + aR) = mM + brM + maR + abrR € M. Also it’s
easy to see that N is an ideal. Thus M}, € N, and thus N 2 M, which implies N is also principal, say (). Also note that
by definition NM, € M, and NM, = (ap).

Now, for any arbitrary x € M ¢ M, = (0) = x = x’a. Since x’a € M,

(@) M = M, C M — e N = xe NM, — M C NM,

Thus M = NM, = (ap) is principal, leading to a contradiction. o
Exercise 12.41. Let k be any field. Prove that k[x,y]/(y — x2) = k[x].
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Proof. Consider the ring homomorphism ¢ : k[x, y] - k[x, x?] = k[x] : p(x,y) > p(x, x?). Clearly ¢ is an epimorphism
since any polynomial g € k[x] C k[x, y] is it’s own image under ¢. Moreover, note that y — x> € ker(p) = (y —x2) €
ker(¢). But on the other hand, if we represent a polynomial f € ker(¢) as a polynomial in y then x? is a root of f in k[x],
and thus by the factor theorem*® (y — x2)|f = f € (y—x?) = ker(p) C (y — x2) = ker(p) = (y — x?).

Thus by the first isomorphism theorem k[x, y]/(y — x2) = k[x]. O

Exercise 12.42. Let k be any field. Prove that k[x, y]/(y — x?) % k[x, y]/(y* — x?).

Proof. We note that k[x, y]/(y — x?) = k[x] is an integral domain, while we have (y — %), (v + X) € k[x, y]/(y* — x?), and
(¥ —%) - (y +X) = 0, and thus k[x, y]/(y? — x?) is not an integral domain. i

Exercise 12.43. Let R := k[x, y, z]/(xy — z2). Prove that P := (X, Z) is a prime ideal of R.

Proof. Let @ be the projection ring epimorphism from k[x, v, z] to k[x, v, z]/(xy — z2). Then note that P = ¢((x,z)) =
(x,2)/(xy — z%). Then
klx,y,z)/(xy —2%) _ klx,y,zl/(xy —2%) _ klx,y,z]
(x,2) S (a)/ay-z)  (x2)

Since k[y] is an integral domain, Pisa prime ideal.

IR

kly]

Exercise 12.44. Let R be an integral domain. Prove that I := (x* — y®) is a prime ideal of R[x, y] if gcd(a, b) = 1.
Proof. Consider the ring homomorphism ¢ : R[x,y] — R[t] induced by x — t’,y — t*. Then clearly I C ker(p).

Conversely, let f € ker(p). Treating f and x* — y” as polynomials over R[y]*, one can write
a-1
f=@ =g+ ) syt = (@ = y")g +r(x,y)
k=0

Now, f € ker(p) = f(t',t*) =0 = r(t*,t*) = 0. If we can show that r = 0, then we'll be done. AFTSOC not. Then
some s;(y) # 0. But that means that some s;(y) is also non-zero.
Now, s;(t7)(t?)" has terms of the form t?*7 while s]-(t“)(tb)f has terms of the form t?¢+%/. Now,

al+bi=al’ +bj = alb(i—j) = a|(i-j)

But that’s not possible since 0 < i — j < a. Thus every term in r gives rise to different powers of t, and thus the only way
for r to be zero is if all the coefficients in it are zero. Thus f € ker(g).

Consequently I = ker(¢), and R[x, y]/I = im(¢) C R[t]. Since R[t] is a domain, so is im(¢), and thus R[x, y]/I is an
integral domain, showing that I is a prime ideal. ]

4gince k[x, y] is UFD, we can talk of the factor theorem

47which is an integral domain since R is

35



	Group Axioms
	Homomorphisms
	Linear Representations
	Dihedral Groups
	Cosets
	Order
	Quotients
	Group Actions
	Sylow Groups
	Exact Sequences
	Nilpotent and Solvable Groups
	Rings, Fields and Ideals

